Dark matter substructure can contribute significantly to local dark matter searches and may provide a large uncertainty in the interpretation of those experiments. For direct detection experiments, sub-halos give rise to an additional dark matter component on top of the smooth dark matter distribution of the host halo. In the case of dark matter capture in the Sun, sub-halo encounters temporarily increase the number of captured particles. Even if the encounter happened in the past, the number of dark matter particles captured by the Sun can still be enhanced today compared to expectations from the host halo as those enhancements decay over time. Using results from an analytical model of the sub-halo population of a Milky Way-like galaxy, valid for sub-halo masses between 10 −5 M and 10 11 M , we assess the impact of sub-halos on direct dark matter searches in a probabilistic way. We find that the impact on direct detection can be sizable, with a probability of ∼ 10 −3 to find an O(1) enhancement of the recoil rate. In the case of the capture rate in the Sun, we find that O(1) enhancements are very unlikely, with probability 10 −5 , and are even impossible for some dark matter masses.
Introduction
One of the central assumptions of modern cosmology is the presence of a non-luminous matter component, commonly known as dark matter (DM) [1, 2] . Although the exact nature of dark matter still remains unknown, many proposed models predict a small interaction with Standard Model particles, as in the case of weakly interacting massive particles (WIMPs) [3] appearing (for example) in supersymmetric theories [4] . This opens up the possibility to search for DM via various possible signatures. Currently pursued strategies include, among others, collider searches for dark matter production [5] , indirect searches for the products of dark matter annihilation [6] as well as direct searches for the signatures of dark matter scattering off nuclei and electrons in the lab [7] . Furthermore, dark matter plays an important role on cosmological scales, driving the formation of structure in the Universe [8] .
In the framework of cold and collisionless dark matter, the growth of structure is hierarchical, with small structures forming first and then later merging into larger structures [9, 10] . As a consequence of this, we expect that the dark matter halos enclosing galaxies should contain a large number of sub-halos. Sub-halos of the Milky Way include the known dwarf satellite galaxies, as well as the Small and Large Magellanic Clouds, ranging in mass from roughly 10 7 M up to 10 10 M [11, 12] . However, these massive objects represent only a small fraction of the sub-halos present in the Milky Way. Many more sub-halos are too small to accrete enough material to form stars and they thus remain dark [13] [14] [15] [16] . These dark sub-halos are expected to exist with masses all the way down to 10 −6 M , roughly the mass of the Earth [17] [18] [19] . In light of this, a number of studies have explored the properties and distribution of DM sub-halos within Milky Way-like galaxies, see e.g. Refs. [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] for a non-exhaustive list. Indeed, a recent study of stellar kinematics using data from the Gaia satellite [32] suggests that a substantial fraction of the local DM halo may be in substructure [33] . On ultra-local scales, the DM density could be enhanced by DM streams, such as Sagittarius [34] or S1 [35] . There has also been recent interest in the possibility that DM forms clusters [36] or 'blobs' [37] , local overdensities perhaps generated by DM self-interactions.
Dark matter substructure can lead to a number of detectable signatures. One possibility is to directly look for the signal of DM annihilation inside sub-halos. Various studies [38] [39] [40] [41] [42] [43] have investigated how this enhances the gamma-ray signal from the host halo and found boost factors up to O (10) . Another possibility is to look for evidence of close passages between DM sub-halos and cold stellar streams of the Milky Way [44] [45] [46] [47] [48] . These close passages would be imprinted as gaps and other features in the stellar streams, mapped out by precision astrometric surveys such as Gaia [32] . Furthermore, sub-structures might influence local DM searches by increasing the number of dark matter particles in a finite region, relative to the smooth background.
In this work, we focus on such 'local' DM searches: Direct Detection, the search for DMnucleus scattering in Earth-based detectors; and Solar Capture, the search for neutrino signals from DM which has scattered and been captured in the Sun [49] . The signal enhancement due to such clustering of dark matter has been studied for direct detection experiments in several works [50] [51] [52] [53] [54] . For example, it has been argued that no individual sub-halo should dominate the scattering rate [51] and that the contribution of streams to the local distribution should add in such a way as to be indistinguishable from a smooth halo [53] . However, the impact of substructure on direct detection may still be sizeable; for example Refs. [50, 54] find a percent-level probability of the Earth currently passing through a sub-halo. The impact of sub-structure on Solar capture has been less extensively studied; for example, Ref. [55] studied a small number of benchmark scenarios for possible DM overdensities. For capture in the Sun, we note that sub-halo encounters during the whole Solar lifetime can be important. Each encounter leads to an enhancement in the number of captured particles, which may persist even after the Sun has traversed the sub-halo, depending on the efficiency of the annihilation process. It is even possible for these enhancements to accumulate if they persist long enough, highlighting the need for a careful treatment with realistic sub-halo populations.
Here, we revisit the impact of DM sub-structure on local searches. We describe the potential signal enhancements which could be observed due to individual DM sub-halos in both direct detection and Solar capture. Furthermore, we use state-of-the-art semi-analytic models for Milky Way substructure to derive the probability distributions for these enhancements for different dark matter masses and interaction types. In this way, we are able to assess how the population of sub-halos as a whole may impact local DM searches.
The structure of this article is as follows. In section 2, we summarize the expected properties of Milky Way sub-halos and derive the velocity distribution of sub-halos and dark matter particles bound to them relative to the Sun or the Earth. We then update the calculation of the impact of sub-halos on direct detection experiments in section 3. In section 4, we build a probabilistic model to determine the boost factor of the neutrino signal due to the annihilation of dark matter particles which have been captured by scattering in the Sun. Finally, we conclude and summarize the results of this work in section 5.
Dark matter flux in the Solar System
The Milky Way disk is believed to be embedded in a halo of dark matter particles with density and velocity distributions which are, to a first approximation, stationary and spherically symmetric. For dark matter searches in the Solar System, the so-called Standard Halo Model (SHM) is commonly adopted, where the local density is ρ loc SHM = 0.3 GeV cm −3 and the local velocity distribution takes the Maxwell-Boltzmann form [56] :
with normalization constant:
Here, v ≈ 244 km/s is the local velocity of the Sun with respect to the Galactic frame [57] [58] [59] , σ v ≈ 156 km/s is the velocity dispersion [56, 60] and v max = v esc + v is the maximal velocity of DM particles gravitationally bound to the Galaxy (expressed in the Solar frame), with v esc ≈ 544 km/s being the escape velocity from the Milky Way [61, 62] . We note that while these values are observationally determined, they have associated uncertainties at the level of 10% [56, 63, 64] . The value of the local density ρ loc SHM is also known only to within a factor of a few [65] and a number of refinements to the SHM have been proposed (see e.g. [66] [67] [68] ). In this work, we keep the properties of the smooth DM component fixed and focus not on deviations from the SHM, but on the possible additional contribution of DM substructure.
The Milky Way DM halo is expected to contain a population of sub-halos with different masses and located at different distances from the Galactic Center, which may alter, in a timedependent way, the local density and velocity distribution. The population of sub-halos can be characterized by the halo mass function (i.e. the number of sub-halos in a given mass range), their spatial distribution and their velocity distribution. A number of works have attempted to extract sub-halo populations from simulations (e.g. [22, 25, 27] ) or model the processes which govern the evolution and properties of sub-halos (e.g. [29, 31, [69] [70] [71] ).
In our work we will adopt the halo mass function reported in [31] , obtained using a semianalytic prescription for sub-halo accretion and tidal stripping by the host halo. This prescription was calibrated against the results of N -body simulations [72] , allowing the method to cover sub-halo masses from ∼ 10 11 M down to ∼ 10 −6 M , much smaller than those that can be resolved in the corresponding N -body simulations. We use tabulated halo mass functions and sub-halo properties provided by the authors of [31] , though we note that fitting functions are also provided in Appendix A of Ref. [70] . The halo mass function at redshift z = 0 for a DM host halo of total mass 1.8 × 10
12 M is shown for reference in the left panel of figure 1 . This mass function may be written in the form dN/dM ∝ M −α(M ) , with α(M ) a mass-dependent parameter which ranges between 1.8 and 2.0 over the relevant mass range, as shown in the right panel. We also show in figure 1 the halo mass function and α(M ) for two parametric models with dN/dM ∝ M −1.8 and dN/dM ∝ M −2.0 , where the normalization of the power-law is fit to the results of [31] . The low mass sub-halos predicted in all of these models may have a significant impact in the search for dark matter inside the Solar System, as we will analyze in sections 3 and 4.
We will assume, following the results of [73] , that sub-halos in the Milky Way are spatially distributed following an Einasto profile [74, 75] 
with r −2 the radius at which the slope of the distribution equals −2, n −2 the number density of sub-halos at that location, and γ a shape parameter. In our analysis we adopt the values γ = 0.854 and r −2 = 245.1 kpc from [73] . We choose n −2 such that V MW dr 3 n sh (r) = N sh , where N sh is the total number of sub-halos, which we calculate from the mass function of [31] to be approximately 2.6 × 10
16 . It should be borne in mind that the Milky Way disk depletes the number of sub-halos close to the galactic center [76, 77] . While the mass function of [31] does not account for this depletion, the spatial distribution we adopt from [73] is derived from hydrodynamical simulations including baryons, so we do not further correct for this effect. Finally, we will also assume that the sub-halo centers of mass move in the Milky Way halo following the same Maxwell-Boltzmann distribution, Eq. (1), as the smooth DM component.
Each sub-halo has an internal structure which is characterized by a density distribution and a velocity distribution. For the density distribution we adopt an NFW density profile [78, 79] up to a truncation radius r t , with density parameter ρ s and scale radius r s :
In field halos (those not bound within larger halos), the NFW profile would be truncated at the virial radius [80] [81] [82] [83] , defined such that the mean density of the halo inside the virial radius is a factor of 200 larger than the critical density (see e.g. [25] ). For sub-halos, tidal stripping leads to a smaller truncation radius r t , which can be determined from the mass loss of the sub-halo within the host [84] . Similarly, the characteristic density and radius ρ s and r s at the present epoch may be determined from the corresponding values at accretion by accounting for tidal mass loss. The mass of an individual sub-halo is then given by
where c V is the concentration parameter, defined as c V = r t /r s , and
For field halos, the concentration parameter is expected to follow a log-normal distribution [27, [85] [86] [87] , leading to typical values in the range c V 8 and c V 35. Instead, for MW sub-halos with masses between 10 −6 M and 10 11 M , the concentration parameter typically takes values between c V 1 and c V 35, suggesting a larger number of denser, more concentrated sub-halos than those in the field. As for the mass function, we will make use of the distribution of individual sub-halo properties (ρ s , r s , r t ) as calculated in Ref. [31] .
To determine the internal velocity distribution of the individual particles in the sub-halo, we assume that it is virialized. Hence, the DM velocity distribution relative to the center of mass of the sub-halo has a Maxwell-Boltzmann form with dispersion σ sh :
Accordingly the mean-square speed of sub-halo particles is | v| 2 = 3σ 2 sh . To determine the velocity dispersion we use the virial theorem, which relates the potential energy U of the subhalo to its kinetic energy T :
The total kinetic energy of a sub-halo of mass M reads T = 1 2 M v 2 , while its potential energy is given by its gravitational binding energy
with M enc (r) the enclosed mass of the sub-halo as a function of the distance from the sub-halo center. For ρ sh (r) following an NFW profile, as in Eq. (4), we obtain:
V is the mean density inside the sub-halo. Finally, applying the virial theorem, we obtain: which depends mostly on the total sub-halo mass, M , and has a weak dependence on the concentration parameter, c V . The velocity dispersion is shown in figure 2 and can be approximated by
The internal density and velocity distributions calculated above are expressed in the subhalo center-of-mass frame. When expressed in the Solar frame, one finds a time-dependent density distribution as the Sun traverses the sub-halo at a distance r from the sub-halo center, ρ loc sh (t) ≡ ρ 
where the velocity of the sub-halo with respect to the Sun is v rel = v − v sh and where the distribution of the individual sub-halo velocities in the Galactic rest frame is f SHM ( v sh ), given in Eq. (1). For small sub-halos, namely sub-halos with M 10 6 M , the velocity dispersion is much smaller than the speed of the sub-halo center of mass, | v sh | σ sh . Therefore, the sub-halo behaves effectively as stream of DM particles all moving with the same velocity. In the Solar frame, the velocity distribution of DM particles from a sub-halo with velocity v sh can thus be approximated by:
Finally, we can write down the flux of dark matter particles in the Solar frame, assuming that the Sun travels inside a sub-halo with mass M and concentration parameter c V which moves with respect to the Galactic frame with velocity v sh . This flux contains two components: a flux of DM particles coming from the smooth Milky Way dark matter halo, characterized by time-independent mass density and velocity distributions ρ SHM and f SHM ( v), and a flux of DM particles from sub-halos, characterized by a time-dependent mass density ρ loc sh (t) and a time-independent velocity distribution f sh, v sh ( v). This flux reads:
3 Impact of sub-halos in direct detection experiments
We now apply our model for DM sub-structure to determine the expected rate at direct detection experiments. The rate of nuclear recoils induced by scatterings of DM particles traversing a detector at the Earth is given by [88, 89] :
Here, F ( v + v Earth , t 0 ) is the flux of DM received at the Earth at the present time (as described in the previous section), with v the DM velocity expressed in the Solar frame. In addition, dσ i /dE R is the differential cross section for the elastic scattering of DM off a nuclear isotope i with mass m A i and mass fraction ξ i in the detector, producing a nuclear recoil with energy E R .
) is the minimal velocity necessary for a DM particle to induce a recoil with energy E R and µ A i is the reduced mass of the DM-nucleus system. The efficiency i (E R ) gives the probability to detect a nuclear recoil off the target nucleus i. Finally, the total number of expected recoil events at a direct detection experiment reads N = R · E, with E the exposure (i.e. mass multiplied by live-time) of the experiment.
We consider the case when the Sun is traversing at the current epoch t 0 a sub-halo of mass M and concentration parameter c V , which is moving with velocity v sh with respect to the Galactic frame. The scattering rate can be readily calculated inserting Eq. (15) into Eq. (16) . For low mass sub-halos, for which the velocity distribution in the Solar frame can be approximated by Eq. (14) , one finds a increment in the scattering rate
Here, v rel = v + v Earth − v sh is the velocity of the sub-halo with respect to the Earth and ρ loc sh [r(t 0 )] is the contribution of the sub-halo to the total dark matter density (with the Sun located a distance r(t 0 ) from the center of the sub-halo).
The factor R SHM is the event rate for the smooth SHM described at the start of section 2, while R ρ loc SHM δ( v+ v rel ) is the scattering rate for a stream of dark matter particles with density ρ SHM and velocity distribution f ( v) = δ( v + v rel ). This rate is illustrated in figure 3 for XENON1T [90] (left panel) and for CRESST [91] (right panel), for three representative dark matter masses.
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For large dark matter masses, the scattering rate for streams (relative to the SHM) is O(0.1−1) for generic values of the relative velocity, and can be much larger for small dark matter masses and large relative velocities. Accordingly, there can in principle be a large enhancement in the scattering rate at these two experiments if the sub-halo also gives an O(1) contribution to the local dark matter density, as shown in Fig. 4 . From the current body of knowledge about the sub-halo population in the Milky Way (summarized in Section 2), one can estimate the probability of having an increment in the event rate I R , defined in Eq. (17) . Assuming that we are currently inside a sub-halo, the probability that the sub-halo moves with velocity v sh with respect to the Galactic frame is given straightforwardly by the Maxwell-Boltzmann distribution in Eq. (1). We must then determine the probability of finding ourselves at the current time inside a sub-halo, along with the distribution of density enhancements ρ loc sh [r(t 0 )] ≡ρ. The probability P (ρ, M, c V ) that we find ourselves inside a sub-halo of mass M and concentration c V such that the total DM density receives an additional contributionρ can be written:
whereρ(D, M, c V ) is the sub-halo density a distance D from the center of the sub-halo, Eq. (4), and P (D, M, c V ) is the probability of finding the center of such a sub-halo at the distance D from Earth. This in turn can be calculated from the probability of finding a sub-halo with mass M , P (M ); the probability of finding a concentration parameter c V for that sub-halo mass P (c V |M ); and the probability of finding a sub-halo with a given mass and concentration at the distance D from the Earth P (D|M, c V ):
More concretely, the probability of finding a sub-halo of mass M is figure 1 , and N sh the total number of sub-halos, given in [31] . The distribution of concentrations c V for sub-halos of mass M , P (c V |M ), is obtained using the tabulated results of Ref. [31] . Lastly, and assuming for simplicity that the spatial distribution of sub-halos is independent of their mass and concentration, the probability of finding a sub-halo center at a distance D from the Earth can be estimated as:
where N sh (D) is the number of sub-halos that can be found in the spherical shell located at distance D → D + dD from the Earth, withn sh (D) the average number density of sub-halos at that distance:n
Here, n sh (r) is the number density of sub-halos as a function of the galactocentric radius (given in Eq. (3)), which can be expressed in terms of the distance of the Sun to the Galactic center using r(D, ψ) = D 2 + r 2 − 2r D cos ψ, with r ≈ 8.5 kpc and ψ the angular separation between the Galactic center and the sub-halo center.
Finally, one obtains the probability distribution for finding a contributionρ to the local density (due to a single sub-halo) by integrating Eq. (18) over all sub-halo masses and concentrations:
This probability distribution is shown in the left panel of figure 5 , assuming the sub-halo mass function of [31] . We take into account sub-halos with masses ranging from M min = 10 −6 M up to M max = 10 12 M . As apparent from the plot, the probability that a single sub-halo dominates the local density is small. This is to be expected, as the fraction of the Milky Way volume occupied by a given individual sub-halo is also small. Indeed, the probability of having an enhancement of any size in the local dark matter density due to a particular single sub-halo, which we denote as p single , is p single ≡ dρ P single (ρ) ≈ 5 × 10 −17 . Nevertheless, due to the large to the passage through one particular sub-halo (left plot) and due to the passage through some subhalo (right plot) assuming the ShMF calculated in Ref. [31] . The figure also shows for comparison the corresponding probability distributions when considering only sub-halos with mass greater than 10 5 M , as resolved by numerical N-body simulations.
number of sub-halos present in the galaxy, there is a fairly high probability that the Earth is currently immersed in a sub-halo. The probability of being immersed in any one sub-halo today is obtained from the Binomial distribution:
while the probability that the Earth is not immersed in any sub-halo is
In the right panel of figure 5 , we plot the probability P (ρ) ≡ (p 1 /p single ) × P single (ρ) that some sub-halo enhances the local density byρ, which is the relevant quantity for the purposes of direct detection at Earth. It follows from the plot that there is a 0.1% probability (10 −3 % probability) of finding a contribution to the local dark matter density from sub-halos which is equal to ρ loc SHM (10ρ loc SHM ). The plots also show for reference the probability distributions considering only sub-halos with mass M ≥ 10 5 M , namely those that can be resolved and identified with current N -body simulations. Including also the lighter sub-halos, as done in this work, clearly enhances the probability of finding a larger DM density in the Solar System, owing to their larger number density. More concretely, the low mass sub-halos increase by a factor ∼ 3 (∼ 10) the probability of finding a contribution from the sub-halos to the total local DM density which is a factor ∼ 1 (∼ 10) larger than ρ loc SHM . After determining the probability distributions for the sub-halo relative velocity and for finding an enhancementρ in the local dark matter density, it is straightforward to calculate the probability distribution of finding an increment I R in the scattering rate at a given direct detection experiment. These probability distributions are shown as solid blue lines in figure 6 , for XENON1T (left panels) and CRESST (right panels), and for dark matter masses m DM = 5 GeV (top panels), 100 GeV (middle panels) and 10 TeV (bottom panels). For both experiments, we find that there is a probability 7 × 10 −4 of increasing the event rate by an O(1) factor. To assess the impact of our assumptions on the probability distributions, we have also analyzed the cases where the mass function follows a simpler power law ∝ M −1.8 or ∝ M −2.0 , namely the upper and lower limits on α(M ) in the right panel of figure 1 . For these cases, we find that the probability of finding a ∼ 1 (∼ 10) enhancement on the rate is at most a factor ∼ 3 (∼ 4) larger than the one obtained with the full sub-halo mass function from Ref. [31] . We should also be careful that we are not 'over-counting' the density enhancement by allowing multiple sub-halos to contribute to the density at the present time. We find that this physically invalid configuration (of multiple overlapping sub-halos) has only a small probability and so can be neglected:
Lastly, let us note that the increment in the rate could be modified if the density profile of disrupted sub-halos is not described by an NFW profile, but rather by, for instance, an "exponential profile" of the form
with parameters ρ 0 , γ and R b , as advocated in [94, 95] . Repeating our analysis using a different halo profile would require, for consistency, the use of the corresponding halo-mass function calculated along the lines of [31] . Unfortunately, this analysis is not available in the literature. Accordingly, investigating how the form of the halo profile affects the increment in the scattering rate is beyond the scope of our work.
4 Impact of sub-halos on the neutrino flux from the Sun
The idea that sub-structure can influence the capture rate of DM in the Sun was first introduced in [55] . Here, we extend this idea and build a probabilistic model based on realistic sub-halo distributions to assess the boost factor of the neutrino signal from the Sun. We note that the same rationale we present here applies also for DM capture inside the Earth and the possibility of observing a high-energy neutrino flux from the center of the Earth [96, 97] . Dark matter particles crossing the Sun can scatter with Solar matter and lose energy, occasionally becoming gravitationally bound to the Sun. Once captured, and due to subsequent scatterings, these particles will sink to the Solar core and generate a DM overdensity where the annihilation rate is enhanced, possibly leading to observable signals at neutrino telescopes [98] . The capture rate of DM in the Sun can be determined from [96, 99] :
This rate is in general time-dependent, due to the time-dependent dark matter flux at the position of the Sun F ( v, t) (as described by Eq. (15)). In this expression, w(r) ≡ v 2 + v esc (r) 2 is the speed of the DM particle at a distance r from the Sun's center, given an asymptotic velocity v. The escape velocity from the Sun at radius r is v esc (r), and v max is the maximum velocity for which capture is kinematically possible from scatterings with a nucleus i of mass m N i . In addition, η i (r) denotes the number density of the nuclei i inside the Sun, for which we take the Solar model AGSS09 [100] , and dσ i /dE R denotes the differential scattering cross section with a nucleus species i. This cross section depends on a nuclear form factor F (E R ); for spin-independent interactions we adopt the Helm form factors from Ref. [88, 101] and for spin-dependent interactions, the form factors from Ref. [102] . The time evolution of the number of captured dark matter particles inside the Sun is described by the following differential equation
where the effects of evaporation can be neglected for dark matter heavier than a few GeV [103] . Here, C A characterizes the rate at which the number of dark matter particles is depleted due to annihilation, and which we calculate following Refs. [96, 104] . We begin by neglecting the effect of the sub-halos, in which case C(t) = C SHM , the timeindependent capture rate of DM from the smooth Milky Way dark matter distribution, described by the Standard Halo Model. Assuming that N (0) = 0 at t = 0, which we take as the time of formation of the Sun, the solution for the number of captured particles reads,
which tends to a constant when t τ , with τ ≡ 1/ √ C SHM C A the equilibration time. In this case, the annihilation rate inside the Sun today is given by:
where t 0 is the time elapsed since the formation of the Sun, t 0 4.6 Gyr. Assuming t 0 τ , the annihilation rate reduces to
That is, the annihilation rate is entirely determined by the capture rate, and ultimately to the interaction strength of DM particles with the nuclei in the Solar interior. This tight relation between annihilation rate and capture rate is often used to translate the non-observation of an excess of high energy neutrinos from the Sun into constraints on the spin-independent and spin-dependent cross-sections.
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In this work we focus on the possibility of a time-varying DM flux at the Sun induced by the passage through a sub-halo. The capture rate is therefore also time-varying and has the form:
where C sh (t) describes the enhancement of the capture rate due to the Sun's passage through a single sub-halo between the times t − and t + . 4 In some frameworks, however, the condition t 0 τ may not hold (e.g. in scenarios where the annihilation rate is p-wave suppressed [105] ) and accordingly the annihilation rate gets suppressed by a factor tanh 2 (t 0 /τ ).
To simplify the discussion, we approximate the time-dependent capture rate during the passage by its average value, namely
where ∆t = t + − t − . Under this approximation, the solution of Eq. (28) reads:
where τ is the equilibration time in the absence of time-dependent contributions. We note that the impact of the passage of the Sun through the sub-halo can be characterized by only three dimensionless quantities: the duration of the passage relative to the equilibration time, ∆t/τ , the time elapsed since the Sun abandoned the sub-halo relative to the equilibration time (t 0 − t + )/τ , and the time-averaged increment in the capture rate due to the passage through the sub-halo, C sh (t) /C SHM . The two relevant parameters ∆t/τ and C sh (t) /C SHM are in turn calculable given a particle DM framework, given the characteristics of the smooth halo and sub-halo components, and given the impact parameter of the Sun when entering the sub-halo. More concretely, for an impact parameter L, and under the approximation that the Sun moves inside the sub-halo following a straight line with constant speed v rel , it can be shown that the Sun travels in a complete passage a distance ∆d = 2 r 2 t − L 2 in a time ∆t = 2 r 2 t − L 2 /v rel . Therefore, ∆t/τ ≤ 2r t /v rel τ . For v rel = O(100) km/s, and taking conservatively τ 10 6 years, one obtains v rel τ 30 pc. Assuming that the sub-halos crossed by the Sun are much smaller than 30 pc 5 , so that ∆t/τ 1, the solution simplifies to:
Here, N (t − ) is the number of captured particles just before entering the sub-halo and N SHM = C SHM /C A is the equilibrium number of captured particles in the SHM. We also define ∆N as
which is interpreted as the increase in the number of DM particles captured during the passage:
The time evolution of the number of captured dark matter particles
SHM SHM + sub-halo SHM + two sub-halos Figure 7 : Sketch of the time evolution of the number of captured dark matter particles N (t), and its value at the present time N (t 0 ), assuming a passage of the Sun through a single sub-halo at the time t − (left plot) and assuming successive passages through two sub-halos at times t 2 and t 1 (right plot). For comparison, we also show the corresponding values of N (t) and N (t 0 ) for the Standard Halo Model.
is sketched in figure 7 . From this it is apparent that the number of captured particles, and accordingly the neutrino flux from annihilations, can be significantly enhanced if the passage through the sub-halo was recent, (t 0 − t − )/τ 1, and if the number of particles captured during the passage was large ∆N N (t − ). A recent passage through the sub-halo suggests that capture and annihilation were in equilibrium inside the Sun before entering the sub-halo, therefore, it is plausible that N (t − ) = N SHM .
The time-averaged increment in the capture rate can be calculated inserting Eq. (15) into Eq. (27) . For small mass sub-halos, for which the velocity distribution in the Solar frame can be approximated by Eq. (14) , one finds
where C ρ SHM δ( v+ v rel ) denotes the capture rate for a DM stream with density ρ SHM and velocity v rel = ( v − v sh ) with respect to the Solar frame, shown in figure 8 relative to C SHM . The time-averaged quantity ρ 
where we have used that ∆t = 2 r 2 t − L 2 /v rel . For a sub-halo with an NFW profile, Eq. (4), we find, with z ≡ L/r t . In certain limiting cases, this expression can be simplified to:
The mean density diverges for L → 0, as expected for a cuspy profile, which in turn translates into a large enhancement in the capture rate if the Sun traverses the innermost part of the sub-halo. On the other hand, typical sub-halos have a size larger than the scale radius, since the concentration parameter takes values c V ∼ 1 − 35. Therefore, in most instances one expects L r s . Finally, mirroring our discussion in section 3, we define the increment in the annihilation rate inside the Sun (and in the neutrino flux) due to the passage through the sub-halo as:
where we have assumed Γ SHM (t 0 ) = 1 2 C SHM . We show in figure 9 contours of I Γ in the parameter space of ∆N and (t − t 0 )/τ , assuming for simplicity that capture and annihilation were in equilibrium before entering the sub-halo, so that N (t − ) = N SHM and Γ SHM (t − ) = 1 2 C SHM . As expected from our previous discussion, the largest enhancement occurs for recent passages and for ∆N N (t − ). This occurs especially if the sub-halo is very dense; if the impact parameter is small; or if the speed of the Sun relative to the sub-halo is small. We remark that for DM scenarios where the number of captured DM particles from the smooth halo is below the equilibrium value (i.e. when τ t 0 ), the passage of the Sun through one or more sub-halos can significantly enhance the total number of captured DM particles.
As in section 3, one can estimate the probability of having a certain increment I Γ in the annihilation rate inside the Sun. The probability for finding a certain value of ∆N from the passage of the Sun through a sub-halo of mass M , concentration c V , and velocity v rel = v − v sh is related to the probability of a passage with impact parameter L by
Note that ∆N depends on L through ρ loc sh [r(t)] , given in Eqs. (38, 39) , and through ∆t ≡ 2 R 2 vir − L 2 /v sh . The probability for the Sun traversing a sub-halo with impact parameter L can be calculated using a similar rationale as in Section 3 (c.f. Eq. (19)):
Here, P(M ) and P (c V |M ) were already discussed in Section 3, and P (v rel ) is given by the Maxwell-Boltzmann distribution in Eq. (13) 6 . To determine P (L|M, c V , v rel ) we note that the probability of the Sun passing through a sub-halo with impact parameter L is equal to the probability of finding a sub-halo center at a perpendicular distance L from the Sun's path during the crossing time ∆t. The number of sub-halos in the cylindrical shell of width dL located at a perpendicular distance L from the Sun and with length equal to v rel ∆t is dN sh (L, M, c V , v rel ) 2πL dL v rel ∆tn sh (L). Assuming, as we did in Section 3, that the spatial distribution of sub-halos is independent of their mass and concentration, one then obtains
Here, N sh the total number of sub-halos andn sh (L) the average number of sub-halos at a perpendicular distance L, written in terms of the galactocentric radius r as:
6 With the caveat that we are not interested in the direction of the sub-halo velocity, only its magnitude, so that in practice we draw
Note the slightly different definition compared to Eq. (21), due to the different geometry.
Finally, one obtains the probability distribution of finding a certain ∆N from the passage through a single sub-halo by integrating over all possible sub-halo masses, concentration parameters and velocities:
The resulting distributions are shown in figure 10 for capture through the spin-independent (left panels) or the spin-dependent (right panels) interactions, for DM masses m DM = 5 GeV (top panels), 100 GeV (middle panels) and 10 TeV (bottom panels). We show the probability distributions for ∆N/N SHM multiplied by a factor τ /t 0 in order to emphasize the impact of equilibration. If DM particles annihilate efficiently, then the equilibrium number of captured particles N SHM is suppressed. This means that if we decrease the equilibration time τ , the number of particles captured from the sub-halo ∆N is increased relative to the equilibrium number. However, a short equilibration time also means that enhancements in the number of captured particles are quickly annihilated away. The factor t 0 /τ counts the number of equilibration times over the lifetime of the Sun, meaning that the factor τ /t 0 roughly corrects for the effects of equilibration after the sub-halo passage. In order to assess the impact of varying the halo mass function, we additionally show the results for the power-law mass functions dN/dM ∝ M −α with fixed exponents α = 1.8 and α = 2.0. For the shallowest sub-halo mass function with α = 1.8, we observe the largest ∆N as we have more heavy sub-halos than for the other two. Conversely, we find the smallest enhancement for α = 2.0. Finally, we find that the distributions are flatter and reach farther towards large ∆N for heavy dark matter. The reason for this is that the maximal velocity at which a DM particle can be captured by the Sun is small in this case. Most of the sub-halos therefore lead to no additional DM particles being captured in the Sun. However, if the stream is slow enough, ∆N/N SHM can be large as the capture from the smooth Milky Way DM distribution is small. Such sub-halo crossings contribute to the flat tail of the distribution.
So far we have studied the effect on the annihilation rate of the crossing through a single sub-halo, concluding that the effects of the sub-halo passage remain significant for a long period of time ∼ τ . It is then plausible that the Sun could have traversed more than one sub-halo during this time, resulting in an enhanced accumulation of dark matter particles inside the Sun, and in a larger probability of an increment in the annihilation rate.
We consider that at the time t = 0 the number of captured dark matter particles in the Sun is N (0) = 0, and that there have been N sub-halo passages at the times t i , i = 1...N (ordered such that 0 < t N < ... < t 1 < t 0 ) with duration ∆t i /τ 1, each producing an 'instantaneous' change in the number of captured DM particles ∆N i , as sketched in figure 7 . The total number of sub-halo encounters N in a total time t 0 can be calculated as:
where the integral corresponds to the probability of a crossing a single sub-halo during one Solar orbit around the Galaxy. With an orbital period of t orb = 250 Myr, the factor of t 0 /t orb ≈ 18 simply counts the number of Galactic orbits during the Sun's lifetime. We find the expected number of sub-halo crossings to be N ∼ 100, which we assume are uniformly distributed in time. Figure 11 shows the number of sub-halo crossings as a function of sub-halo mass and impact parameter L. Crossing events are dominated by small sub-halos due to their larger abundance, while close passages are very rare. Indeed, crossings at sub-parsec distances from the sub-halo center are expected to occur less than once during the age of the Sun, justifying our assumption that L r s for the sub-halos of interest (see Eq. (40)). The number of captured dark matter particles today is then:
with
Finally, the increment in the annihilation rate reads
We show the results of this calculation in figures 12, 13 and 14 for different DM masses. For each interaction type, we calculate the annihilation boost for three different interaction strengths, ranging down to the interaction cross sections currently probed by direct detection experiments [7] . Similar to figure 10, we additionally include the results for power-law sub-halo mass functions dN/dM ∝ M −α with exponents α = 1.8 and α = 2.0. Again, the probability to find large increments is usually greatest for α = 1.8 as this predicts the highest number of heavy sub-halos and smallest for α = 2.0. Furthermore, larger values of I Γ are more likely to be achieved for large cross sections for the discrete examples we studied.
As apparent from Fig. 10 , we expect larger ∆N/N SHM as the factor (τ /t 0 ) decreases with increasing cross section. Therefore, the ratio of captured particles ∆N/N SHM increases while the equilibration time decreases, which implies that the importance of recent encounters rises while the history of sub-halo passages becomes less relevant. This enhances the probability to find large increments as most of them are due to recent encounters. Ultimately, the distribution of I Γ will become similar to the results of Section 3 as soon as the cross section gets large enough such that the only relevant sub-halo encounters are those that take place in the very recent past.
Conclusions
In this paper, we have studied the impact of sub-halos on the interpretation of direct dark matter searches. Based on the sub-halo mass functions presented in Ref. [31] , we calculated the probability of the Earth currently being inside a sub-halo, as well as the enhancement of the local dark matter density due to this. Furthermore, we investigated the sub-halo encounters of the Sun during its lifetime. For this, we calculated the average number of sub-halo crossings as well as the probability distribution of the enhancement due to one individual encounter.
We find that the impact on direct detection experiments can be large and should be taken into account when analyzing the results of direct detection experiments. The probability of a sub-halo enhancing the local dark matter density by a factor O(1) is ∼ 10 −3 ( figure 5 ). Such large enhancements are far less likely (and in some cases impossible) for the neutrino signal from the Sun, which is enhanced only at a sub-percent level (figures 12, 13 and 14) . We see that the probability of finding a large boost factor of O(1) is 10 −5 , suggesting that single large encounters will average away over the Sun's lifetime. Thus, we conclude that perturbations of the dark matter density and velocity distribution due to sub-halos can have a substantial impact on direct detection experiments while the neutrino signal from the Sun is largely unaffected.
Our results are broadly consistent with those of previous studies on the impact of substructure on direct detection. For example, Ref. [50] estimates a roughly 1% probability of an O(1) enhancement in the local density from sub-structure. Though our results suggest a somewhat smaller probability, there is perhaps a factor of a few uncertainty coming from the precise sub-halo mass function, as we point out in figure 6 . The authors of Ref. [54] also built an analytic model for Milky Way sub-halos, inspired by N-body simulations. Here, we use more recent, state-of-the-art determinations of the properties of the sub-halo population, though we find similar results. In the case of solar capture, Ref. [55] demonstrated that sufficiently dense sub-structures, traversed for a sufficiently long time, may have a substantial impact on the neutrino signal from annihilating DM in the Sun. We have demonstrated that such encounters are rare and that a realistic population of sub-structures is unlikely to give a large enhancement.
This work alleviates a major uncertainty of dark matter searches with neutrino telescopes [106, 107] and emphasizes the impact of astrophysical uncertainties on direct detection experiments. In particular, given that deviations from the Standard Halo Model are expected due to sub-halos, then it will be necessary to properly account for these uncertainties when producing constraints from direct detection experiments. Of course, given a future signal, it may be possible to directly reconstruct the local DM velocity distribution (as proposed in e.g. [108] [109] [110] [111] [112] [113] ). With this, it should be possible to determine whether the local DM density does indeed receive an enhancement due to a sub-halo, as well as hinting at the properties of the sub-halo itself.
While we have made a number of assumptions about the properties and distributions of DM substructure, the formalism we have developed is applicable more generally. For example, it was recently claimed that the density profile of disrupted sub-halos is not well described by an NFW profile but instead by an exponential profile ρ(r) ∝ r −γ exp(−r/R b ) [94, 95] . The parameters γ and R b are drawn from generalized normal distributions whose mean values are determined from ELVIS [114] and Via Lactea II [115] simulations for different bins of sub-halo masses. As these two simulations are able to resolve sub-halos only down to 10 7 M , one has to rely on extrapolations to assess sub-halos as light as 10 −5 M . In this work, we do not use this profile since we found that the largest contribution to the enhancement of the local dark matter density at Earth and to the enhancement of the neutrino signal from the Sun is due to sub-halos in the extrapolated mass range. However, we note that using the exponential density profile for our calculation would be straightforward and could be easily implemented as soon as the resolution is sufficient.
We have focused in this work on the sub-halo distribution for standard Cold Dark Matter. Our approach could equally well be applied to other DM candidates, such as Warm Dark Matter [116] and Self-interacting Dark Matter [117, 118] , as well as DM with more exotic clustering properties [36, 37] . We have also focused on direct searches for WIMP DM, though our framework may also be applied to axion searches, where axions are expected to form bound 'mini-clusters' [119] , potentially giving an enhancement to the local density. This work indicates that the observation of DM substructures in direct detection experiments may still be promising, which would shed further light on the nature of the elusive dark matter particle.
